Abstract. In this paper, We characterize a semi-invariant submanifold of codimension 3 satisfying ∇ ξ A = 0 in a complex projective space CP n+1 , where ∇ ξ A is the covariant derivative of the shape operator A in the direction of the distinguished normal with respect to the structure vector field ξ. 
Introduction
A CR submanifold M is called a semi-invariant submanifold of a Kaehlerian manifold with complex structure J if it is endowed with a pair of mutually orthogonal and complementary differentiable distribution (∆, ∆ ⊥ ) such that dim ∆ ⊥ = 1 and the unit normal in J∆ ⊥ is called a distinguished normal ([1] , [2] , [17] ). In this case, M admits an induced almost contact metric structure (φ, ξ, g). A typical example of a semi-invariant submanifold is real hypersurfaces. But, new examples of nontrivial semi-invariant submanifold with higher codimension in a complex projective space are constructed in [9] and [14] .
For the real hypersurface of a complex space form, many results are known ( [3] , [8] , [10] , [11] , [15] , [16] etc.). One of them Takagi ([15] ) classified homogeneous real hypersurfaces of a complex projective space by means of six model spaces of type A 1 , A 2 , B, C, D and E, further he explicitly write down their principal curvatures and multiplicities in the table in [16] . Cecil and Ryan ([3] ) extensively studied a real hypersurface which is realized a tube of constant radius r over a complex submanifold of a complex projective space CP n on which ξ is principal curvature vector with principal curvature α = 2cot2r and the corresponding focal map ϕ r has constant rank. From this point of view, Okumura ([11] ) characterized real hypersurface of type A 1 and A 2 in CP n by the property that the shape operator A and structure tensor field φ commute. From the different point of view, Ki, Kim and one of the present authors give another characterization of real hypersurfaces of type A 1 and A 2 of CP n satisfying ∇ ξ A = 0, where ∇ ξ denotes the covariant derivative with respect to the structure vector field ξ. Namely, they proved the following: On the other hand, semi-invariant submanifolds of codimension 3 in a complex projective space CP n+1 have been investigated in [6] , [7] , [9] , [18] and so on by using properties of induced almost contact metric structure and those of the third fundamental form of the submanifold. One of them, Ki, Song and Takagi ([9] ) assert the following: The main purpose of the present paper is to extend Theorem A under certain conditions on a semi-invariant submanifold of codimension 3 in CP
n+1
, that is, we prove All manifolds in this paper are assumed to be connected and of class C ∞ , and the dimension of semi-invariant submanifold is greater then 2.
Preliminaries
In the following, we review fundamental properties of a submanifold of codimension 3 in a complex projective space ( [9] ).
LetM be a real 2(n + 1)-dimensional Kaehlerian manifold equipped with parallel almost complex structure J and a Riemannian metric tensor G and covered by a system of coordinate neighborhoods {Ṽ ; y Throughout this paper the following convention on the range of indices are used, unless otherwise stated:
The summation convention will be used with respect to those system of indices. In the sequel we identify i(M ) with M itself and represent the immersion by y
and denote by C, D and E are three mutually orthogonal unit normals to M . Then denoting by g the fundamental metric tensor with components 
where we have put
being associated components of ξ h (see [9] ). A tensor field of type (1,1) with components φ i h will be denoted by φ. By the Hermitian property of J, it is seen that φ ji is skew-symmetric, and that
namely, the aggregate (φ, ξ, g) defines almost contact metric structure.
Denoting by ∇ j the operator of van der Waerden-Bortolotti covariant differentiation with respect to the induced Riemannian metric tensor g, the equation of Gauss for M ofM is obtained:
where A ji , K ji and L ji are components of the second fundamental forms in the direction of normals C, D, E respectively. Equations of Weingarten are also given (1.3)
g ir respectively, and l j , m j and n j being components of the third fundamental forms.
In the sequel, we denote the normal components of ∇ j C by ∇ ⊥ C. The distinguished normal C is said to parallel in the normal bundle if we have ∇ ⊥ C = 0, that is, l j and m j vanish identically. Since J is parallel, by differentiating (1.1) covariantly along M and using (1.1), (1.2) and (1.3), and by comparing the tangential and normal parts, we find (see [18] )
There is no loss of generality such that we may assume T r A (3) = 0 (see [9] ). Now we put U j = ξ r ∇ r ξ j . Then U is orthogonal to the structure vector ξ. Because of (1.5) and properties of the almost contact metric structure, it follows that
Remark. In what follows, to write our formulas in convention forms, we denote by β = A 
which shows that
In the rest of this paper we shall suppose thatM is a Kaehlerian manifold of constant holomorphic sectional curvature c, which is called a complex space form. Then equations of Gauss and Codazzi are given by
where R kjih are covariant components of the Riemann-Christoffel curvature tensor of M , and those of the Ricci by
The normal connection of a semi-invariant submanifold M of codimension 3 in a complex projective space CP From (1.6) and (1.7), we have
Semi-invariant submanifolds satisfying dn = 2θω
In this section we shall suppose that M is a semi-invariant submanifold of dodimension 3 in a complex projective space CP n+1 and that the third fundamental form n satisfies dn = 2θω for a certain scalar θ on M , namely,
Then from (1.18) we have
which together with (1.22) yields
We notice here that θ is constant if n > 2 (see [9] ). Further, Ki, Song and Takagi proved the following: In what follows, we assume that M satisfies (2.1) with θ = Thus (1.6), (1.7) and (2.2) turn out respectively to
From the last two equations, it follows that
Furthermore, if we make use of (2.3), then the other structure equations (1.13) ∼ (1.17) are reduced respectively to
where we have used (1.5). Because of (1.19) and (2.3), it is clear that (2.13)
Multiplying (2.11) and (2.12) with ξ k and summing for the index k, we have respectively (2.14)
by virtue of (1.8), (2.4) and (2.13), where µ = n t ξ t . Transforming (2.14) by φ j k and taking account of (1.8), (2.5), (2.6) and (2.13), we find
which together with (2.15) implies that (2.17)
If we transform (2.12) by φ k i and make use of (2.4) and (2.17), then we obtain
or, use (2.11)
Since θ is constant if n > 2, by differentiation (2.7) covariantly gives
or using (2.6), (2.10), (2.13), (2.16) and the last equation, it is verified that (
3. Semi-invariant submanifolds satisfying ∇ ξ A = 0
We continue now, our arguments under the same hypotheses dn = 2θω for a scalar θ( = c 2 ) as in Section 2. Furthermore, suppose, throughout this paper, that ∇ ξ A = 0. Then by (2.8) we have
Remark. Let H denote by the second fundamental form in the direction of the distinguished normal C. Then by definition, the Lie derivative of H with respect to the structure vector field ξ is given by Because of (1.8), (2.4) and (3.4) we have
where we have used (3.4) and (3.6). Differentiating (3.3) covariantly and making use of (1.5), (3.1) and (3.4), we find (3.9)
Multiplying (3.9) with ξ k and summing for k, and taking account of (2.13) and the hypotheses ∇ ξ A = 0, we obtain 
Multiplying (3.9) with ρW k and summing for k, and using (3.4), (3.8), (3.10) and the last equation, we get (3.11)
where the function τ given by θτ = (θ + 2 )α = 0. Differentiating this covariantly and taking account of (3.12), we find
On the other hand, it is, using (1.11) and (3.1), clear that 2A jr U r + ∇ j α = 0, which connected with (3.14) implies that
because of the fact that τ = λ. From (3.15) and (3.16), it follows that
Therefore, k = 0 is not impossible on Ω and hence it is seen that (3.17)
Transforming (3.17) by φ j i and taking account of (2.5), we find
Because of (2.6), (3.17) and (3.19) , it is verified that (3.20)
If we take account of (3.17), then (2.15) is reduced to ∇ j k = νξ j + (k − x)U j . Differentiating (3.18) covariantly and using this, we obtain
which together with dλ(ξ) = 0 gives ν = 0. Thus, we have
If we apply (2.19) by U i and make use of (3.3), (3.14) with τ = λ, (3.19) and ( 
Proof of theorem
Let M be a connected real (2n−1)-dimensional (n > 2) semi-invariant submanifold of codimension 3 satisfying dn = 2θω for a certain scalar θ < c 2 in CP n+1 . Suppose that ∇ ξ A = 0. Then by Lemma 3.1 we have k = 0 on M. Thus (2.3) tells us that the distinguished normal C is parallel in the normal bundle. Hence, by Lemma 4.1 of [9] , we have A (2) = A (3) = 0. Therefore, by the reduction theorem in [5] , [13] , M is a real hypersurface in a complex projective space CP n . Since we have ∇ ⊥ C = 0, equations (1.13) and (3.1) are reduced respectively to
Using (1.4), (1.5) and above two equations, it is proved in [8] that g(U, U ) = 0. Hence we have Aφ = φA. Thus, by Theorem A we have our Theorem.
